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Abstract— The first part of this paper, Section 2, considers the mass and heat transfer of an arbitrarily shaped
droplet or solid particle in the translational and shear flows of an incompressible fluid in the case when the
coefficient of heat conduction (diffusion) is an arbitrary function of temperature (concentration). For the
translational flow three first terms of the asymptotic expansion of the mean Nusselt number in small Péclet
number and two terms for the shear flow were obtained. The particlesinvestigated were of the shape of a sphere,
disk, ellipsoid and dumb-bell. The second part of the paper, Section 3, considers a simultaneous heat and mass
exchange of an arbitrarily shaped particle with the translational flow of compressed gas, the determining
parameters of which (the coefficients of heat conduction and diffusion, as well as the specific heat of the gas)
depend arbitrarily on temperature. For the mean Nusselt and Sherwood numbers the first two terms of the
corresponding asymptotic expansion in small Reynolds number have been determined. The third part of the
paper, Section 4, considers the problem of mass transfer of a droplet in the case when an extractant, dissolved in
it, diffuses into a continuous phase and there enters into the second-order chemical reaction with a
chemisorbent. A three-term asymptotic expansion in the Péclet number has been obtained for the mean
Sherwood number. The nonstationary diffusion to a reacting particle in a laminar translational flow is studied
in the case when a nonisothermal chemical reaction occurs on its surface, the rate of which depends arbitrarily
on temperature and concentrations.
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NOMENCLATURE

parameter defining mean Sherwood
number, equations (102) and (104)
arbitrary constants entering equation
(20)

functions entering expansion (155)
characteristic particle dimension (for
spherical particles their radius is chosen
as the characteristic dimension a),
equatorial radius of the ellipsoid of
revolution

radii of contacting spheres forming
‘dumb-bell’ particle

parameters, equations (102) and (104)
arbitrary constants entering equation
(20)

unknown constants entering expansion
(155)

polar (streamwise) radius of the ellipsoid
of revolution

arbitrary constants in equation (20)
extractant concentration in the flow and
inside a droplet

dimensionless concentration of
extractant, ., /c.

chemisorbent concentration in the flow
and at infinity

dimensionless concentration of
chemisorbent, ¢, /¢y,

concentration on particle surface
concentration in flow

nonperturbed concentration in the free
stream at infinity
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Cis C(i)

Cm*’ Cmec

Conis Cirix)
CP*
c(T)
D

D

D*’ D,y
De*’Dh*

E
Ei(z)
E(2)

e
F

dimensionless concentration,

(co— e —c)

terms of inner and outer expansions
concentration of mth reacting species in
flow and at infinity

dimensionless concentration of mth
reacting species, (€ — Cmse)/Cman

terms of inner and outer expansions of
reacting species concentration

specific isobaric heat of gas, ¢,,(T,)
dimensionless specific heat,

ol T/ CpalTo)

dimensionless diffusion coefficient in
equation (1), D(c) = D,(c,)/D,(c,)
dimensionless diffusion coefficient in
equation (50), D(T) = D (T,)/D (T,)
(dimensional) diffusion coefficients
diffusion coefficients of extractant and
chemisorbent

function defined by equation (23)
integroexponential function

o

(e 4/8)d¢

z
parameter, (w+ 1/4) Pe
dimensionless force of particle resistance

—Ei(—z)=

(F, F,, F5) components of F parallel to the

FlyF“

F,
J(©)

coordinate axes (X, x,, X3), respectively
dimensionless force of the resistance of
the disk (of a dumb-bell particle) with
the plane (axis) normal or parallel to the
free stream

dimensional resistance force

function defining equation (47)
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.,Cy) dimensionless rates of surface
chemical reaction

Jms{ Ty €1y - -, Cary) dimensional rates of surface

G, G%

ijs
G

9d1.92
g(7)

Dy
ptl;
Q(n)
o

Gm
Re

R(ces Ch)

reaction

dimensionless and dimensional
coefficients of shear matrix (58)
max |GEl;i,j = 1,2,3

furjlctions entering equation (19)
function, [2/\/(rt)] e ™" +erf \/z
function defined in equation (126),
Hlce )
heat of mth reaction
dimensionless heat of mth reaction,
Cmoo Hu Dyl A To) ™1
integrals entering equation (24);
J=1,2,3,4,56
modified Bessel function of the first kind
unit vector parallel to the liquid velocity
vector at infinity, U /U,

1

a(£)d¢
0
modified Bessel function of the second

kind (McDonald function)

constant of volumetric and surface
chemical reaction rate, respectively
dimensionless constant of volumetric
and surface chemical reaction rate,

ak D"

Lewis—Semenov number, Pr/Sc
coefficients in the expansion of the
function L(z,7) in Legendre polynomials
parameter, ¢../Cy ..

number of reacting species

mean Nusselt number, Nu(4, Peq)
order of shear flow

Legendre polynomials

associated Legendre functions of the
first kind nth degree and mth order
diffusional Péclet number, aU/D,(c.),
aU/DT,)

diffusional Péclet numbers, aUD,,,}
thermal Péclet number,
aUc,(T,)p .4y YT.)
Prandtl number, g, ¢, Ay
complex Laplace—Carlson
transformation parameter

pressure in the gas flow

nonperturbed pressure in the free stream
liquid velocity at infinity in uniform
shear flow of order n, (QY", 0%, 0)
uniform n-order polynomials, Q\(r)
parameter defining approximation for
the asymptote to function ® at infinity,
equation (15)

parameters in expansion (150)
Reynolds number, aUp,p, "

gas constant

dimensionless rate of volumetric
chemical reaction

functional,

1

R, (Cey> Chy) dimensional rate of volumetric

P B

o

[

v b n

reaction

re/a

dimensional radial coordinate
spherical coordinate system connected
with the particle, (r, 0, ¢)

particle surface equation, r({, ¢)
represents a short notation for r (0, ¢)
particle surface, {r = r (0, ¢)}
functions in equation (20)

parameter, D, D_ '

mean Sherwood number,

Sh(D, Pe) = — — f D—dS
by

Sh(D,0), Sh(1,0) mean Sherwood number

Sho

X,

corresponding to mass transfer of a
stationary particle for the nonlinear and
linear problem

mean Sherwood number corresponding
to mass transfer between a particle and
a stationary medium with a first-order
chemical reaction occurring on the
particle surface

Schmidt number, p,(p,D,)”"
Sh(l,Pe,);m=0,1,....M

surface temperature of particle
temperature in the flow

nonperturbed temperature in the flow at
infinity

dimensionless temperature,

(T, —TOAT, —T)

dimensionless and dimensional time
liquid velocity vector

flow velocity at infinity, U, = {U_|
characteristic flow velocity
dimensionless relative concentration,
(1 — ot — 1)

relative (molar) concentration in the
flow

relative concentration on the particle
surface and at infinity

functions being the solutions of auxiliary
boundary-value problems (99) and (100)
control liquid volume between the
particle surface, S, and the surface, Z, of
the sphere (of large enough radius)
which encompasses the whole particle
dimensionless liquid velocity vector,
UU ' = (v,,v103)

functions entering equation (20)
parameter in equation (127),

(0H/ac,) (0, 1)

surface spherical harmonics defined in
equation (20)

(x,, x4, x3) rectangular Cartesian coordinate

Xy
X2
X3

system connected with the particle
r cos 0

rsin 0 cos ¢

r sin 0 sin ¢
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Y; functions defined in equation (20);
j=0,1,2

y function defined in equation (54), y(T)

z ‘contracted’ radial coordinate in the case
of translational flow, Pe r

z ‘contracted’ spherical system of
coordinates, (z, 8, ¢)

Zp auxiliary ‘contracted’ coordinates, Pe,, r

z, ‘contracted’ radial coordinate in the case

of arbitrary shear flow (of order n), Pe”r.

Greek symbols

o numerical factor determined by
expansion of the fundamental solution
(64)

B droplet and surrounding liquid viscosity
ratio

B(Pe), B(Pe,t) functions determined by equations
(21y and (42)

r adsorption equilibrium constant

I'(x) gamma-function, J e e g¢

0

Y Euler constant, 0.577215...

y(r, ) function in equation (21)

A Laplace operator in the spherical
coordinate system (r, 0, ¢)

A, Laplace operator in the contracted
system of coordinates (z, 8, ¢), Al,_,

0 ratio between radii of particle and film
envelope

8y Kronecker delta

€ angle between axis of disk (dumb-bell
particle) and direction of free-stream
flow

¢ fundamental solution of equation (63)

n (i*r)/r =cos 0

Q,, parameters in equation (149)

K parameter, (dD/dc). -,

A new auxiliary variable, J ~ {(D)®(D, ¢)

A, A terms of the inner and outer expansion
of function A (i =0, 1,2)

A dimensional heat conduction coefficient,
AT

A(T) dimensionless heat conduction
coefficient, 4,(T,)/4,(T,)

My dynamic viscosity of liquid around a
particle

uT) el T/l T)

v parameter, (n+1)"!

= parameter in equation (141), UTD !

P Pwo  density of gas (liquid) and nonperturbed
gas density at infinity

0 dimensionless density, p,/p.,

Z, surface of sphere (of radius r)
surrounding the particle

o o(T) = pD

g;r,c)  functions defining equation (47)

T characteristic time, ;Pe ¢

T characteristic time (m = 0, 1,..., M),

LPe, t

(0] new variable in equation (5),

(D, c) = f D(¢)d¢
]

&, d?  terms of inner and outer expansions of
function ® (i = 0, 1,2)

oY first-term transform of outer expansion
(after Laplace—Carlson transformation)

¢, 6@ functions being solutions of auxiliary

boundary-value problems (96) and (97)
¥ parameter in equation (34)
Y(Pe), ¥ (Pe) unknown functions entering
equations (62), (153) and (154)

v logarithmic gamma-function derivative,
Y(x)
VY Hadamard-Rybchinsky stream-function

corresponding to Stokes flow around
spherical particle

Q, inner region for translational flow,
{re<r<OoPe™)}
Q. outer region for translational flow,

{O(Pe™ ) < 1}

QY, QY inner and outer regions for arbitrary
shear flow
w;;(r) functions defining equation (47).
Subscripts
s parameters on particle surface
* parameters in liquid or gas flow
0 parameters at infinity.

1. INTRODUCTION

THE PROBLEM of the stationary heat and mass transfer of
a solid sphere in a translational Stokes flow at small
Péclet numbers was first studied by the method of
matched asymptotic expansions [1]. Constant con-
centrations far from the particle and on its surface were
assumed. The first five terms of the asymptotic
expansion were obtained for the mean Sherwood
number. Brenner [2] extended this problem to the case
of an arbitrarily shaped particle or a droplet and
obtained a three-term expansion in the Péclet number
for the mean Sherwood number. Rimmer [3, 4]
considered a similar problem for a sphere. For the field
of liquid velocities he used Proudman and Pearson’s
results [5] obtained by the method of matched
asymptotic expansions in small Reynolds number. A
corresponding nonstationary analogue of this problem
was studied by Choudhury and Drake [6].

Frankel and Acrivos [7] considered the stationary
convective diffusion to a sphere freely suspended in a
simple shear flow. A two-term expansion in Péclet
number has been obtained for the mean Sherwood
number. These results have been extended by Batchelor
[8] for the case of an arbitrarily shaped particle freely
suspended in an arbitrary linear flow. Using
Batchelor’s results Acrivos [9] has obtained four (for a
sphere) and three (for an arbitrarily shaped particle)
first terms of the corresponding asymptotic expansion.
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The convective diffusion to a sphere and an
arbitrarily shaped particle in a uniform translational
flow with the isothermal first-order reaction occurring
on its surface was considered in the works of Gupalo
and Ryazantsev [10], Goldberg et al. [11] and Gupalo
et al. [12]. Taylor [13] studied the mass exchange of a
sphere with the first- and second-order chemical
reactions occurringon its surface. The case for arbitrary
kinetics of the surface reaction for a Stokes
translational and shear flow past a sphere was studied
in the works of Gupalo et al. [14] and Polyanin [15].

The stationary multi-component diffusion to a
conducting reacting sphere in a laminar translational
and shear flow with a nonisothermal chemical reaction
occurring on its surface at the rate arbitrarily
dependent on temperature and concentrations was
investigated in the works of Polyanin [16, 17]. It was

shown that in order to determine the integral heat and
mass inflows of reacting species to the particle at small
Péclet numbers it was sufficient to solve a universal
algebraic (transcendental) system of equations which is
much simpler than the initial system of partial
differential equations. The case of a nonisothermal
chemical surface reaction occurring by the Arrhenius
law was considered in ref. [16].

Benilov et al. [ 18] studied a simultaneous stationary
heat and mass transfer to the surface of a solid sphere in
a translational gas flow. It was assumed that the
Prandtl and Schmidt numbers and the specific heat of
the gas were constant (independent of temperature),
while the gas viscosity depended on temperature
following the power law. A two-term asymptotic
expansion in small Reynolds number has been
obtained for the mean Nusselt and Sherwood numbers.

2. HEAT AND MASS EXCHANGE OF A PARTICLE WITH AN INCOMPRESSIBLE FLUID FLOW FOR THE DIFFUSION
(HEAT CONDUCTION) COEFFICIENT ARBITRARILY DEPENDING ON CONCENTRATION (TEMPERATURE)

2.1. Statement of the problem: introduction of a new variable

Consider a stationary diffusion to a particle (droplet) of any shape in a laminar flow. The diffusion coefficient is
assumed to be arbitrarily dependent on concentration. In the dimensionless variables the corresponding
boundary-value problem can be written in the following form

(v-grad ¢) = Pe™ ! div(D grad ¢), (1
r=rd0,¢), c=1; r->ow, ¢-0, )
— D
e=f2"% poo U p_p=24% o1
Coo—Cs D*(Coo) D*(cco)

It is assumed that ¢, # ¢, and D,(c,) # 0 at ¢, €[4, ¢,], where ¢, = min (¢, c,,), ¢, = max (¢, c,,).

The liquid is assumed to be incompressible

divv =0, 3)

and the normal velocity component v, to be zero on the surface of a solid or liquid particle

r=rf6,9),

v,=(v-m)=0. 4)

Equations (1) and (2) also describe the distribution of heat in the flow of an incompressible liquid outside the
particle in the case when the thermal diffusivity depends on temperature (a corresponding thermal problem will be

discussed at greater length at the end of section 2.6).

To simplify the analysis, the concentration c is replaced by a new auxiliary function

® =®(D,c) = J‘c D)d¢ (®(D,0)=0, @(D,0)=1). (5)
)

The initial boundary-value problem [equations (1) and (2)] is reformulated in terms of the function ® as
(v-grad c¢(®)) = Pe ! AD;
r=r, ©®=JD);

(6)
r—-ow, ®-0,
where the function ¢ = ¢(®)is determined by the function inversion [equation(5)] (in thelinear case,D = 1,¢ = @),
while the parameter J(D) is prescribed by the expression

1
J(D) = J D()de. (7
0

The main aim of Section 2 is to determine the mean Sherwood number which is the major characteristic of the
intensity of mass transfer to a particle
1 oo

1 dc
Sh = Sh(D, Pe) = — — L D(c) 5-dS = — L —-ds. (8)
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Here 8/0n is the derivative with respect to the external normal to the particle surface S = {r = r (6, ¢)}.
Further it is assumed that the Péclet number is small, Pe < O(1).

2.2. A uniform translational flow: a general formula for the mean Sherwood number
For a translational Stokes flow past an arbitrarily shaped droplet or solid particle, the liquid velocity
distribution far from it is determined by the expression [19]

P F ! F- Oo@r~*? 9
ve=i- o +r—2( nr [+0("%), ©)

U F
U:Um:’Uoola iz_m"

- *
6mpal,’

The solution of the problem [equations (6), (7) and (9)] is sought by the method of matched asymptotic
expansions in the small Péclet number [1, 2-6, 10-14]. In this case the entire flow region is divided into two
subregions:

the inner Q = {r,<r<0(Pe M)},
and
the outer Q. ={0Pe )< r}.

As usual, a ‘contracted’ coordinate, z = Per, is introduced in the outer region and the solution in each of the
subregions is sought separately in the form of the inner expansion

® =Py,+Pe®, +Pe? In Pe ©,+0(Pe?), r,<r < 0(Pe™ Y,

(10)
(Di=®i(r10’¢); i=091,2,

and the outer expansion
® = O Pe OV Pe? ®P 4 o(Pe?), O(Pe™!) <,

o (11)
O = 0z, 0,¢); z=Per; i=1,2,

where the zero term of the outer expansion is identically zero, ®© = 0.

In constructing the asymptotic solution in the inner region Q,, the boundary condition on the particle surface is
used, while in the outer region Q_, the boundary condition at infinity (6) ; the unknown constants turning up in the
course of the solution are determined by using the matching technique.

The introduction of the new variable, equation (5), produces the result that all the terms of the inner, ®,, and the
outer, ", asymptotic expansions [of the initially nonlinear boundary-value problem, equations (1) and (2)] satisfy
the linear equations simultaneously (see below) in the inner Q, and outer Q _ regions. This yields one and the same
structure of expansions (10) and (11) of the linear (D = 1) [2] and nonlinear (6) [D = D(c) in equations (1) and (2)]
problems.

By substituting equation (10) for the function @ (in the region Q,) into equation (6), the terms of the inner
expansion are determined by the solution of the following linear equations with the boundary conditions on the
particle surface

AP, =0; r=r, ®,=J(D), (12)
AD, = (v-grad c(®y)); r=r, ®, =0, (13)
AP, =0; r=r, O,=0 (14)

By properly choosing the zero point of the radius vector r, the expression for @, as for the harmonic function
tending to zero as r — oo (the condition of matching with the zero term of the outer expansion ®® = 0) can be
written in the form [2]

D, =qr ' +0(r 3, (15)

where gisa certain constant to be determined later on. It should be emphasized thatitis not essential that the above
zero point for the radius vector should be actually determined here, it is only important to know that this point is
available. Note that the point may turn out to be outside the particle.

It can be shown that the constant quantity g occurring in equation (13) is associated with the Sherwood number
Sh(D, 0) corresponding to the mass exchange of a particle with astationary medium (at Pe = 0) by the relationship

q = Sh(D,0). (16)

In fact, if the Ostrogradsky—Gauss theorem is applied to the integral of the function A®, taken over the control
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liquid volume V bounded by the particle surface S and the surface X, of the sphere which contains the particle ; the
sphere radius r can be as large as one wishes. When determining Sh(D, 0), the use of the equality A®, = 0, equation
(12), allows the integration to be carried out, according to equation (8), over the surface Z,. Since dZ, = O(r?), then,
to calculate Sh(D,0), one can apply equation (15). This yields the required equation (16).

Inthe outerregion Q) , the principal termin the asymptotic expansion(11) of the concentration field is described,
by virtue of the properties of function ®, equation (5), by the following linear homogeneous equation

AV —(i-grad, @) =0; z-o0, OV -0, (17)

which coincides exactly with a similar equation for the linear case D = 1 [2]. Therefore, the solution of equation
(17), which satisfies the condition of matching with the zero term of the inner expansion (15), has the form

1 i
oM = g exp [5 z(n— 1):|7 n= (lTr) = cos 0. (18)

The second term of the outer expansion (11) is determined by solving the following linear inhomogeneous
equation

AP —(i-grad &) = g, +Kkg,; z-wx, PP -0,
3 1 .
g1 =g:(zn ¢y = — 4| F+ 5 (F-2z |- grad, &V,
4z z
92 = golz,n) = —@Ni-grad, @), x = (dD/dc).—- (19)
Atk = 0,equation (19) coincides with the corresponding equation for the linear case. The general solution of the
inhomogeneous equation (19) is determined by the sum of three terms : the general solution of the homogeneous
equation {19)atg, = g, = 0[i.e. equation (17)] and partial, damping at infinity, solutions of the inhomogeneous

equation (19)at g, # 0,9, = 0and g; =0, g, # 0. The first two terms of this sum have been obtained in ref. [2].
Onmitting the intermediate calculations for ®2, gives

1 12 ©
q)(Z) = €Xp (5 Zﬂ) {(g) Z Kn+ 1/2 (%) Xn(r]’ ¢)
n=0

z 2 qu o
+tqexpl —5 ;0 Sia)Yin, o)+ N ;O W.,(Z)P,,(n)},

X,(m8) = AL+ Y (AT sin mp+ BY cos m)PI(n),
1

[z P S
Sol2) =%[ez E\@)+Inz), E,z)= —Ei(-2) =j e—g d¢,

z

3 AR 3 2 3
Sl(Z)ZZ; 1——; € El(Z)—E 1+; lnz—?,
1 6 12 1 6 12 3 6
=—f{1l——+—]e*E — 1+ ~-+—]1 — 1+~
S,(2) 42(1 p +Zz>e 2)+ 4z< +Z +22> nz+222( +z>’
B 1
Yo=F i)=FPln), V=" Yo=_-(i-2)¥,~ Y,
z z 2

Y, = FiR(m)+k™(F, cos ¢+F, sin )Pi(n); k=12,

ez

Wy(z) =z~ 12 exp <—%>[—§+El(z)+ e’ E1(2z)],

z\ (& £
Wiz) = Kn+1/2 (5) J I, 1/2 <E>Ln(f) dé
z 0 14 )
—Lyi1p2 5 Kn+1/2 2 L(0)dé; n=12,...,

2 1!
L) == f L@z B dn,
-1

1 1 1 2
Liz,n) = 2% exp(— Ezr])gz(z, n = 52‘”2 exp <§ zn)l:—— 1 +<1 + ;)nil (20)

z
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The constants 4,, Ay, By, and C, are determined from the matching condition.

By letting z approach zero in equation (20) and taking into account that as z —» 0, E,(z) » —In z—y+ 0(2)
(y = 0.577215... is the Euler constant), the general solution of equation (19) as z — 0 is found to contain the
logarithmic term —21g(F - i) In z [resulting from the expansion of the first term in the second sum of equation (20)],
which alters the power series nature of the inner expansion and produces a factor Pe? In Pebefore the third term of
equation (10). Taking this into account and using equations (18) and (20), the function ®, equation (10), on the
general boundary between the outer and inner regions (at r — 00) may be presented as

® = B(Pe)+LPe qn+O(Pe?)+0(r™ 1),

21
B(Pe) = —4q[Pe+ Pe? In Pe(F-i)].

It should be noted that in order to obtain equation (21) there is no need to predetermine the first term @, of the
inner expansion (10).

Let equations (12)-(14) be multiplied by @, Pe ®,, and Pe* In Pe ®,, respectively, and make the addition. As a
result

Do AD = Pe Dy(v- grad c(Dy)), (22)
where @ is determined by expansion (10).
Now, integrate the equality (22), taking into account the following identities
DAD = div(d, grad @)—div(® grad &)+ PAD,,
Dy (v grad c(®y)) = div(vE)—E div v,

c(®o)
E = E(D) =J @(D,¢)d¢, 23
1]
over the control liquid volume V, bounded by the particle surface S = {r = r (6, ¢)} and the surface %, of the sphere
containing the particle. Because of the harmonicity of function ®@,, equation (12), and the incompressibility of the
liquid,equation (3), the last terms on the RHS of equation (23) are equal to zero, therefore, using the Ostrogradsky—
Gauss formula, one obtains

6 o0 o0,
I,=0, I,=—| ®,—dS, I,=] ®—dS,
j; / ! L ® on 2 L on

oD
I = Pef E(@y)(v-m)dS, 1, =J o, —dz,,
s ¥, on
o
Iy = —J ®—2dx, I, = ~PeJ E(®,)(v-n)dZ,. (24)
5, On 5

The first three integrals of equation (24) are calculated with account for the boundary conditions on the particle
surface, equations(6) and (12), the mean Sherwood number, equation (8), and the condition that the liquid does not
penetrate through the particle surface, equation (4). The calculation of the last three integrals is based on equations
(9),(15) and (21) for the functions v, ®, and @ and the expressions dZ, = O(r?)df d¢, E(®,) = 1®3 + o(r ~2) which
are valid at large values of r. Taking into account that the radius of the sphere X, can be arbitrarily large, one finally
obtains

I, = 4nJ(D)SK(D, Pe), 1, = —4nJ(D)Sh(D,0),

25
I,=1,=1,=0, I = 4nqpf(Pe).
Equalities (16), (24) and (25) yield the following formula for the mean Sherwood number
Sh(D, Pe) = Sh(D, 0) ++J ~ {(D)Sh*(D,0){ Pe + Pe? In Pe(F - i)} + O(Pe?). (26)

It is not difficult to show that in the case of mass transfer of a particle in a stationary medium [at Pe = 0 in
equation (1)] there is a simple relationship between the mean Sherwood numbers, which correspond to the
nonlinear, D = D(c), and linear, D = 1, problems, namely

Sh(D,0) = J(D)Sh(1,0), 27

which can be proved by introducing a new variable & = J ~(D)® in equation (12) and subsequent comparison
with the solution of the problem, equations (1) and (2), at Pe =0, D = 1.
Substituting equation (27) into the RHS of expression (26) and taking into account equation (5), one obtains

Sh(D, Pe) = J(D)Sh(1,Pe), J(D)= fl D(&)dé, (28)
0
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where the quantity Sh(1, Pe) is determined by substituting D = 1 into equation (26), with account for the equality
J(1) = 1, and has the form

Sh(1, Pe) = Sh(1,0)+1Sh*(1,0){Pe + Pe? In Pe(F -i)} + O(Pe?). 29)

Formulae (28) and (29) extend Brenner’s results [2] to the nonlinear case.
The functional J(D), entering into formula (28), has the following form for several typical cases (see Section 3.5)

1 1—x"*?

D(c) = [1+(x—1)c]", J(D)=m - (k>0,n#1),
D(c) = exp(kc), J(D) =k~ i(e*—1),
D(c) = (1+xc)}, JDy=x"1In(l+x) (k> —1). (30)

The first (at n = 1) and the second of these expressions correspond to the linear and exponential dependence of
the diffusion (heat conduction) coefficient on concentration (temperature) ; the third relation can be encountered in
a number of adsorption problems. It is seen from formulae (28)+30) that the presence of nonlinearity in the
problem, equations (1) and (2), can substantially influence the intensity of mass exchange between the particle and
the flow.

2.3. Calculation of the mean Sherwood number for some specific cases

For a particle of the prescribed shape the problem of determining the convective mass transfer intensity
coefficient after calculation of the integral J(D) by equations (28) and (29) is reduced to the determination of the
number Sh(1,0) and the particle resistance force (F - i). Since the latter depends on the particle orientation, then,
as follows from formula (29), the mean Sherwood number (28) also depends on the particle orientation in the flow.
The quantity Sh(1,0) is calculated by solving the conventional Laplace equation Ac = 0 subject to the bound-
ary conditions, equation (2), and is well known for a variety of cases. Thus, for a droplet or a spherical particle
Sh(1,0) = 1.

In what follows, some specific values of the determining parameters of the problem, Sh(1,0) and (F - i), will be
presented for different shapes and types of the particles, as well as their orientation in the translational Stokes flow.

2.3.1. Spherical droplet. In this case one obtains

_243p

Sh(1,0)=1, (F'i= W,

(31
where B = oo corresponds to a solid sphere, and f§ = 0, to a gas bubble.

2.3.2. Spherical particle covered with a liquid film. The determining parameters are of the form [20]

s 1 118/ 5 o
L) =1, ()= +z| 14 o142 )| ?
SH(1,0) =1, (F-i) 3*3[+/31+5(+22+5+2éz>] (3)

Here 6 = 1 (or B = o) corresponds to a solid particle, § = 0, to a droplet.

2.3.3. Thin circular disk. For a thin circular disk the axis of which is arbitrarily oriented in the flow, the
determining parameters are specified by the formulae

2
Sh(1,0) == ~ 0.637, (F-i)= F, cos® ¢+F sin® &,
T

8 16
F,=— 20849, F;=_—~0566 (0<¢<mn/2).
I 97

2.3.4. Ellipsoid of revolution with the rotation axis directed along the flow. Attention is now turned to a solid
particle which represents an ellipsoid of revolution with the semi-axes a and b, where a is the equatorial radius
positioned normally to the free stream, b is the polar radius directed along the flow. Having chosen the equatorial
radius a as the characteristic length scale for the parameter Sh(1,0) and the dimensionless resistance force, one
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obtains [21]

b,
b’

[x—(*—1arctan x17', a>b,

[+ 1) arctanh y—x]~!, a<b,

(2 +DY%(arctan x)"', a>
a<

Sh(1,0) =
(1,0) {(xz—l)”z(arctanh 04

(F-i)=%(x2—1r”2{
a 2
(;) !

2.3.5. Particle composed of two contacting spheres. Consider a solid ‘dumb-bell’ particle composed of two
contacting spheres of radii a, and a,. In this case for the mean Sherwood number Sh(1,0) one obtains [22, 23]

a, a, a,
Sh(1,0) = — + 2y |,
(1.0 ayta, [lﬁ(al'*'az) w(“l +a2)+ y]

) = in r(x)(lim () = 1, ,,,(1) ——y=2In2 ()= —y>,
dx x—0

-1/2

1 1
, arctanh y = 7 In <X—+—> (34)

= =1

(33)

2

where the radius of the first sphere, a,, is chosen for the characteristic length scale.

Some formulae to calculate the resistance force (F - i) for such a particle having arbitrary orientation are given
elsewhere [21].

Consider now a specific case of the particle composed of two contacting spheres of equal radii a, = a, = a. For
the particle, the axis (passing through the centres of spheres) of which is arbitrarily oriented in space and which is at
an angle ¢ to the direction of the free stream, one obtains [21-23]

Sh(1,0)=21n 2~ 1.386, (F-i)=F, cos? e+Fsin’e¢,

(36)
2.4. Unsteady-state mass exchange of a particle in a translational flow
Consider now the unsteady-state mass exchange of a particle in a stationary translational flow, equation (9), in
the case of a sudden occurrence of a reaction on its surface. The appropriate boundary-value problem is described
by the equation and initial condition

F
5:— +(v-grad )= Pe~ ' div(D grad ¢); =0, c=0, (37)

subject to the boundary conditions (2).

This problem has a unique solution which at ¢ — oo becomes stationary and corresponding to equations (1) and
(2).

By replacing equation (5) one passes in equation (37) and boundary conditions (2) from the concentrationctoa
new variable ©.

The analysisis started with the study of the outer region Q ,, where the solution is sought in the form of expansion
(11) with account for the fact that, besides everything else, the functions @ depend also on time ¢. The zero term of
the expansion, ®?, just as in the stationary case, is equal to zero, while for the first term of the outer expansion the
following linear equation is obtained

@1

Pet ¢
ot

+(i-grad, V) = A,®V; =0, OV =0;
(38)
z—c0, V0.

At t < O(Pe ™ !), the second and third terms in equation (38) can be neglected, which, by virtue of the initial
condition, yields @V = 0;att > O(Pe™ "), the first term in equation (38) can be neglected which corresponds to the
stationary case, equation (17). In the general case when 0 < ¢ < oo (t = O(Pe™ '), all the terms of equation (38)
should be taken into account.

Applying to equation (38) the Laplace~Carlson transformation with respect to the variable ¢

=]
oY =J e O de,
0

yields
pPe 1@V 4 (i-grad, ®Y) = A,®Y; z— 0, @Y 0. (39)
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The solution of equation (39), which at t — co (p — 0) becomes stationary, equation (18), has the form [7]

w_91 o 4p\'” 4
D . exp{2[r] <1+ Pe . (40)

In much the same way as it was done earlier for the stationary case (see also refs. [6, 117), one can show that the
second term of the outer expansion (11) is determined by the solution of a nonhomogeneous equation, the
differential (homogeneous) part of which coincides with equation (38). At z — 0(t = const.), thespecific,damping at
infinity, solution of this nonhomogeneous equation contains the same logarithmic term as that used in the
stationary case.

Further it will be everywhere supposed that

t= O(Pe” ')y (ie. |p| < O(Pe)). (41)

Takinginto account what was said previously and expanding equation (40) into a series at z — 0 with a subsequent
transition from the transforms to the inverse transforms, one obtains that, subject to condition (41), an
approximation for the asymptote to the function @, equation (10), in the inner region Q, atr — oo [the condition of
matching with the outer expansion (11)] can be presented as

® = B(1, Pe)+3Pe qng(t) + O(Pe?)+O(r 1),

(42)
B(t, Pe) = —3q[Pe g(z)+ Pe* In Pe(F -i)],
where the function g = g(t) is determined by the formula
2
g(t)zmef’ﬁ—erf JT 1=4Pet. 43)

It is not difficult to show that on compliance of condition (41) the terms of the inner expansion ®(t,r, 0, ¢)
[equation (10)] are determined by the same equations (12)14) as those used in the stationary case. Owing to this
and by virtue of the boundary conditions at infinity [i.e. the conditions of matching with the outer expansions (42)
and (43)], the terms of the inner expansion depend on time only parametrically; in this case the zero term of
expansion @, does not depend on time and is prescribed by formulae (15) and (16).

Omitting the intermediate calculations, which, taking into account equations (42) and (43), are carried out in
exactly the same manner as it is done in the stationary case, one again arrives at formula (28), where the mean
Sherwood number, corresponding to the linear (D = 1) nonstationary problem, has the form

Sh(l, Pe) = Sh(1,0)+1Sh*(1,0){ Pe g()+ Pe® In Pe(F i)} + O(Pe?). (44)

Here, as before, Sh(1,0) corresponds to the steady-state mass exchange of the particle in a stationary medium at
the constant diffusion coefficient D = 1. Att — oo (g(1) — 1), expressions (28) and (44) pass into the solution of the
stationary problem, equations (28) and (29).

It should be noted that formula (44), corresponding to the linear case D = 1, extends the results of ref. [6],
obtained for a solid sphere [which corresponds to the values Sh(1,0) = 1 and (F *i) = linequation(44)],to thecase
of an arbitrarily shaped solid or liquid particle.

2.5. Certain correlations: convective heat and mass transfer of a particle in a liquid
Similarly, one can show that, subject to condition (41), the formulae
Sh(c;;, Pe) = J(f)Sh(w,, Pe), (45)
Sh(w 0) +1Sh*(w,;, 0){ Pe g(1)+ Pe” In Pe(F-i)} + O(Pe?), (46)

determine the asymptotic behaviour of the mean Sherwood number for the following more general equation

i Pe) = Sh(awy,

2

% o vegrad = Pe ' (0.0 L5 oyt e) = wyn) (o)
—_ \ A ad ¢) = re —— Ou\LC)—; Ol = i 11
o TVE ox; T 5y Ou i
W = Wj; lim w;; = d;, 0;%,X; 2 0oX;X;, Go >0, 47)

with the boundary conditions (2) and initial condition ¢t = 0, ¢ = 0; here and hereafter the summation over
repeated indices i and j is employed. The mean Sherwood numbers figuring in equations (45) and (46) are
determined in this case by

1 oc
Sh(s;;, Pe) = — an JS GijT; cos (nx;) ds,
i

which, at w;;(r) = d,;, f(c) = D(c), coincides with equation (8).
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A prooffor this statement is provided by introduction of a new variable ® = ®({, ¢) by formula (5) with account
for the fact that the first term of the outer expansion, ®! (as ®* = 0 earlier), is also described by equation (38).
Further it is shown in a similar way that the representation of equation (42) is valid on the inner boundary of the
outerregion Q... By virtue ofequation (41), the terms of the inner expansion (10) are described by the corresponding
stationary equations, the solution of which, due to the boundary conditions at infinity, equation (42), depend
parametrically on time t. The zero term of the inner expansion, owing to the properties of the function g,;, can also
be presented in the form of equations (15) and (16). By multiplying the corresponding equations for the terms of the
inner expansion by ®,, Pe ®,, Pe? In Pe ®, and making the addition, one arrives at the equality similar to
equation (22), namely

0 liJ
By —— w;; — = Pe Dy(v- grad c(D,)).
ox; 0x;

Now integrate this expression over the control liquid volume V bounded by the particle surface S and the surface
%, of a sphere with a large enough radius. In integration one takes into account the second identity in system (23)
and the equality

R S o 2 0 o0 0P

W — = —— Wi —— — w;;—— + P —w,;, —
o o
Yox;  ox Yox; ox; Y ax ox; 7 oxy’

0x;
in which the last term is equal to zero due to the equation for the zero term of the inner expansion. The integrals are
evaluated with the aid of the third Green’s formula which allows the transformation from volumetric to surface
integrals, which ultimately leads to the required equations (45) and (46).

For a practically important example of the use of equations (45) and (46), corresponding to equation (47),
consider the case of simultaneous heat and mass transfer of a particle in an incompressible liquid at small Péclet
numbers. It is assumed that all the determining parameters of the system are temperature dependent. In ordinary
liquids the thermal Péclet number, Per, is much less than the diffusional Péclet number, Pe,

Pep « Pe, = Pe. (48)

Therefore, at Pe < O(1), in order to determine the integral inflow of substance to the particle, one may discard the
convective term in the first approximation to the heat conduction equation and restrict the study to the following
dimensionless set of equations and boundary conditions

div(Zgrad T)=0; r=r, T=1; ro>w, T-0, (49)
(vegrad ¢) = Pe; ' div(D grad¢); r=r, c=1; r—omw, ¢—-0,
T, —T, —
— Ies) *’ ¢ = (Qn C* , I)ec — 44515{_7’
7;3__ 7; Cop —C l)*(Tzo)
= MT) = AT/ ALT,), D= D(T)=DT)/DT,). (50)

Here 4, is the thermal conductivity of liquid; T; # T, ¢; # C.-

Equations (49) and (50) can be solved in succession. First, by solving the problem, equation (49), the tempera-
ture distribution outside the particle is constructed. Then, the substitution of the known function T = T{(r),
which depends on the coordinates, into the expression for D = D(T) determines the linear problem, equation
(50), for concentration distribution in the flow.

The analysis of equation (49) shows that the mean Nusselt number, which determines the heat inflow to the
particle surface, is of the form

Nu(4,0) = J(A)Sh(1,0) (Nu(,l, Pey) = —11; J A(T)%gds) (51)
N

The equation for the concentration distribution, equation (50), is a specific case of the general stationary
equation (47) at

ayr,c) = D(1oy;, T=T) (w;=DTEO)S, fc)=1) (52)

Therefore, equation (46) remains valid (at g = 1) for the mean Sherwood number, with the parameter
Sh{w;;,0) = Sh(D,0) corresponding to the mass transfer of a particle in a heated stationary liquid

div(D(T)ygrad ¢4} =0; r=r, co=1; r—00, c,—0. (53)

ij

The solution of problem (53} is sought in the form

co =y(Ty~'(1), y(0) =0, (54)

HMT 27:2-B
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where the function y is determined by substituting this equation into equation (53) with a subsequent comparison
with equation (49) for the temperature distribution. As a result one obtains

T A0 (;u )
| Xas-oZ ) 55
w(T) J‘o D) 4 D (55)

The mean Sherwood number, corresponding to the mass exchange of a particle in a stationary liquid, equation
(53), can be presented, by virtue of equations (54) and (55), in the form

Sh(D,0) = J~ }(2/D)Nu(4,0).

This formula, with account for equations (46) and (51), leads to the following final expression for the mean
Sherwood number

Sh(D, Pe) = Sh(D,0) +31Sh*(D,0){Pe.+ Pe? In Pe(F -i)} + O(Pe?)+ O(Pey),
(56)
Sh(D,0) = J(4)J ~1(A4/D)Sh(1,0).
In the linear case, when D = 1, equation (56) passes over into equation (29).

2.6. Mass exchange of a particle in an arbitrary shear flow
In the case of a particle streamlined by a uniform shear flow of incompressible liquid of an arbitrary order n, the
velocity field at infinity is determined by

roo, v=Q®r)+0r "), divQ® =0,

(57
Q(kr) = x"Q™(r), Q™ =(Q7(r), OF(r), Q(r)).
In the case of a simple linear shear flow (n = 1), one obtains
o = Gijxj’ G;=0 (,j=123),
(58)

(G =G¥G™", G=max|G}l, U =aG).
ij
Next, investigate the nonlinear boundary-value problem [equations (6),(7) and (57)] by the method of matched
asymptotic expansions in small Péclet number. In this case the entire flow region is divided into two subregions:

the inner QY = {r, <r < O(Pe™)},
and
the outer QY = {O(Pe™) < 1},

where the parameter v and the ‘contracted’ coordinate are determined by the expressions
v=m+1)", z,+Pe'r. (59)

The zero term of the inner expansion, @y, just as before, is prescribed by equation (15), while the zero term of the
outer expansion is equal to zero.

Consider first the linear problem [equations (1) and (2)] at ¢ = 1 (n # 0). The solution in each of the above
subregions is sought in the form of the expansion in integral powers of the parameter

n+2

c= Y Pec,+O0(Pe' ™), ¢ =cfr,0,¢) (in Q) (60)
i=0
n+2

c=Y Pec+0(Pe' "), z,0,4), ¥ =0 (inQY). 61)

i=0

The substitution of the outer expansion into equation (1) shows, taking into account equations{57) and (59), that
all of the written out terms of the outer expansion (61) satisfy one and the same equation with the boundary
condition of damping at infinity z, — 00, ¢ — 0. Due to this, the solution in the outer region can be replaced more
conveniently by

¢ = Pe" ¥(Pe){{+0(Pe' ™)} (¥(0) = g), (62)
where W(Pe)is the unknown function of the parameter Pe [which is the (n + 1)th degree polynomial of the quantity

Pe*], which will be determined in the course of the problem solution, while { is the fundamental solution of the
equation

A, {=(Q"-grad, ), (63)
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which has the following limiting properties

Zv_}oa C—PZ‘,_I—'!X+'})(Zv)+0(1), a= G(Q(")),
(64)

J 72,)dE, =0 (3(z) = O(1)).
Z

Here a is the numerical factor, the value of which depends on the liquid velocity field at infinity [equation (57)]
and which should be determined in each specific case.

For the translational flow past a particle [equation (9)] (n = 0,0{® = §,,), equation (18) yields o = 1/2,y = n/2.
The general expression to determine the parameter @ = a(G;;) in the case of an arbitrary linear (n = 1) shear flow
[equation (58)] has been obtained in ref. [8] (at n = 1 the equality y = 0 is always valid). In particular, in the
axisymmetriccase(G,; = G,, = 1/2,G33 = —1;G;; = Oati # j),one obtains & = 0.399 [8], while in the case of a
simple shear (one off-diagonal element of the matrix G;; is equal to unity, while the remainder is equal to zero),
o = 0.258 [7].

By substituting equation (60) into equations (1) and (2), one obtains the equations and boundary conditions for
the terms of the inner expansion

Ac;=0; i=0,1,...,n; Ac,., =(v-grad ¢;), Ac,., = (v-grad c,), (
65)
r=r, co=1, ¢;=0 (i=12,...,n+2).

Multiply the ith equation by Pe™ and sum the first n equations of system (65). This yields Ac = 0, where c is
determined by the sum of equation (60) with the summation limit n+ 2 replaced by n. Further, the integration
of Ac = 0and ¢,Ac = 0, with account for equations (62) and (64), over the control liquid volume V and transform-
ation to the surface integrals yield two equations to determine the mean Sherwood number [equation (8)] and the
unknown function ¥

Sh(l, Pe) = ¥(Pe)(1 + O(Pe)),

(66)
Sh(1, Pe) = Sh(1,0)+ Sh(1,0)¥(Pe)(x + O(Pe)).
By solving these equations, one arrives at the following expression for the mean Sherwood number
Sh(l, P L .
Shil, Pe) _ S o SKi(1,0)Pe* + O(Pe) ~ [1 —a Sh(1,0)Pe*] . (67)
Sh(1,0) S

For a spherical particle (Sh(1,0) = 1) the accuracy of equation (67) increases up to O(Pe! **); in this case the
upper summation limit n should be replaced by n+ 1. This statement is proved by the summation of the (n+ 1) first
equations of system (65) multiplied by ¢, Pe", respectively, with the subsequent integration over the control liquid
volume V with account for the fact that the zero term of the inner expansion has, in this case, theformc, = r~'. Asa
result, one arrives at expression (24), where ® = ¢, ®, = c,, E = c3/2 and the first five integrals are calculated in the
same way as was done earlier. When evaluating theintegral I over the sphere surface X, itis takeninto account that
thefunction E = ¢3/2 = r~?/2canbe taken outside the integral sign. Moreover, the integral over £ of (v * n) is equal,
by virtue of equation (3), to the integral of the same quantity over the sphere surface S, which, due to equation (4),
leads to the equality I, = 0. Similarly one can show the vanishing of the volumetric integral over the volume V of
the sum on the RHS of the first (n + 1) equations of system (65) multiplied respectively by Pe. What has just been
said offers the possibility to obtain equation (66) for the mean Sherwood number, where O(Pe} is replaced by
O(Pe' **). Moreover, ifin equation (64) y(z,) = 0, then the accuracy of equation (67) increases up to O(Pe! * 2y and
the upper summation limit in equation (67) should be replaced by n+2.

In the general case, for the analysis of the nonlinear equations (6), (7) and (57), one introduces, besides equation
(5), a new additional variable

A = A(c) = JU(D)D(D, ¢), (68)

which differs from the variable ® = ®(D, ¢} only by normalization.
At Pe — 0, similarly to the linear case, the solution in the inner, Q{”, and outer, Q{"’, regions is sought in the form
(nz1)

A=Ag+Pe’ A +0(Pe?), A, =A(r0,¢); i=01 (in Q) (69)
A =A94Pe' AV L O(Pe?), A® =0, A=Az, 0,4) (in Q). (70)

The terms of the inner expansion (69) are determined by solving the Laplace equations with the boundary
conditions on the particle surface

ANy =0, AA;=0; r=r, Ay=1, A, =0, (71)
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while the first term of the outer expansion (70) satisfies the equation
A, A =(Q"-grad, A" z, o0, AN 0 (z, = Pe'r). (72)

The first two terms of the inner and outer expansions, equations (69)72), exactly satisfy the same equations
(¥ (Pe) —» ¥(0)) and boundary conditions (62)(65), as in the linear case D = 1, A = ¢. Therefore, with account for
equations (5) and (68) one obtains that, in the case of an arbitrary shear flow past a particle of any shape, equation
(57), the two-term expansion of the mean Sherwood number, equation (8), in Péclet number is also determined by
equation (28), where the parameter Sh(1, Pe) has the form

Sh(1, Pe) = Sh(1,0)+a Pe* Sh*(1,0)+ O(Pe™). (73)

For an arbitrary linear shear flow [equation (58)] (n = 1, v = 1/2), equations (28) and (73) extend the results
obtained by Batchelor [8] to a nonlinear case (the general expression to determine the magnitude of the parameter
a = 2(G;;) is given in ref. [8]).

Equations (28) and (73) remain valid also for an arbitrary nonuniform flow, when the vector-function Q™\(r) is
not homogeneous inr and has the property Q™(xr) = x"Q(r)+ x"~ Q™ ,(r)+ ... In this case the parameter o, in
equation (73), s defined by the approximation for the asymptote (64) to the fundamental solution of equation (63),
where Q™ is replaced by Q™.

Equations (28) and (73) are also valid for the case of mass exchange of a particle of any shape freely suspended in
an arbitrary linear (n = 1) shear flow, equation (58). Here, due to particle rotation, one should consider a
nonstationary counterpart of equations (1) and (2). The introduction of the variable A by formulae (5) and (68)
shows that in this case too the first two terms of the corresponding inner and outer expansions are described by the
same equations and boundary conditions as in the linear case. Taking into account the fact that in the linear case
equation (73) remains valid, as shown in ref. [9], (v = 1/2), one arrives at the result required.

In the case of simultaneous heat and mass exchange of a particle in aliquid, equations (49),(50) and (57), the mean
Sherwood number per particle will be preassigned, accurate to O(Pe¢?*), by

Sh(D, Pe} = Sh(D,0)+« Pe* Sh*(D,0), Sh(D,0) = J(i)J ~'(1/D)Sh(1,0),

which, at D = 1, passes into equation (73).

Remark. The respective thermal problems are considered similarly in the case of a particle (droplet) of an
arbitrary shape streamlined by a translational, equation (9), or shear, equation (57), flow of an incompressible
liquid, the thermal conductivity, 4, and specific heat, ¢ ,, of which depend on the temperature T. The replacement of
T by a new variable & following the equation h = x(T)x " '(1), x = {{ ¢,(£) d reduces the thermal problem to the
equation of convective diffusion, equation (1), with the boundary conditions (2) [after having replaced ¢ — A,
D — (4/c,)r = rw]- From what has been said it follows, after elementary calculations, that equation (28) remains,
after the replacements Sh — Nu, D — 4, valid also for thermal problems.

3. SIMULTANEOUS HEAT AND MASS TRANSFER TO A PARTICLE IN THE FLOW OF A COMPRESSIBLE GAS WITH
THE DETERMINING PARAMETERS ARBITRARILY DEPENDENT ON TEMPERATURE

3.1. Statement of the problem

Consider a stationary heat and mass exchange between an arbitrarily shaped particle (droplet) and the
translational flow of a compressible gas the determining parameters of which depend arbitrarily on temperature. It
is assumed that concentration and temperature on the particle surface and far from it (at infinity) take on constant
values. By neglecting the effects of heat and pressure diffusion and omitting the terms of the squared Mach number
order, one can write down in dimensionless variables the corresponding boundary-value problems as

Perc,p(v-grad T) = div(4 grad T), (74)

Pe, p(v-grad u)y = div(c grad u), (75)

r=r, T=1;, r->ow, T-0, (76)

r=r, u=1;, r->ow, u—=0, (77)
s e

Per=Re, Pr,, Pe,=Re, Sc, (T,# T, u,#u,),
Re=aUp,u;'. Pr=pcpty's Sc=pdpDy) "
c=pD=0o(T), L=MT), c,=c,T)

Here itis assumed that the parameters ¢ ., 4, D, it, and the Schmidt number Sc depend on temperature T, in the
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conventional manner, while the quantities v, p,and T are determined by solving the full problem of the streamlining
of the particle by a viscous heat conducting compressible gas flow. The subsequent analysis will require only the
continuity equation

div(pv) =0, (78)

as well as the condition that the normal gas velocity component on the particle surface be zero [equation (4)]. (The
equations of motion will not be required for the further analysis.)

It is usually assumed that the gas has a constant heat capacity and constant Prandtl, Pr = Pr_, and Schmidt,
S¢ = Sc¢,,, numbers and that the gas viscosity depends conventionally on temperature. These assumptions
correspond to the following values of the parameters entering into equations (74) and (75)

A=c=p=puT) (WT)= w11 T,)) (79

Certain specific functions u = p(T) will be considered in Section 3.5.

Further, the study of the problem, equations (74){77), will be based on the most general case, when the
parameters 4, g, and ¢, are arbitrary functions of the dimensionless temperature 7.

As before, to simplify the analysis, the temperature T is replaced by a new variable

O = () = f A& de. (80)

0

The initial boundary-value problem, equations (74)~77), with regard for the identities

T

c,p(v-grad T) = div(pvh)—h div(p'v), AT)= J c () dE,

0
p(v-grad u) = div(pvu)—u div(pv),
and the continuity equation (78) is reformulated in terms of the function ® as
Pep div(pvh) = AD;, r=r, ©®=J(1); r—o, ®-0, (81)
Pe_div(pvu)y =div(e grad w}); r=r, u=1; r->ow, u-0,
h=h(®) = (T(®)), o= 0c(D) = a(T(D).

Here, the function T = T(®) is determined by the function reversion, equation (80).
If it is assumed that the thermal and diffusional Péclet numbers are small and are of the same order (the latter
property is typical of gases)

Re,—0, Pr,=0(), Sc,=0(1) (Pey=Re, Pr_, Pe,= Re, Sc,). (83)
3.2. The method of solution: auxiliary equations
Investigate the problem, equations (74}77) [or equations (81) and (82)] by the method of matched asymp-

totic expansions in the small parameter Re_. As before, the solution is sought separately in the inner,
Q, = {r, <r < O(Re.")}, and outer, Q, = {O(Re_ ") < r}, regions of the flow in the following form

O =0, + Pey O, +0(Re,), u=uy+Pe u;+o(Re,) (in Q,),
D, = Or,0,0), u;=u(r,0,¢); i=01,
® = Pe, &'V +0o(Re,), u=Pe u+o(Re,), P9=u®=0 (inQ,),
OV = Oz, 0,8), u'V=uMz,0,¢9); zp=Perr, z,= Pe,r.

(84)

(85)

Here and hereafter, the quantities are expanded, for convenience, in the parameters Pey and Pe..
Further analysis will require the solution of the simplest linear auxiliary problem for the conventional Laplace
equation

Acy=0; r=r, co=1; r-o>ow, ¢;—0, (86)
which, owing to a proper selection of the origin for the radius-vector r, can be written in the form [2]
¢o = Sh(1,0r "1 +0(r 3. (87)

By substituting equation(85)into equations (86)and (87) and assuming that Pe; = Pe, = 0,one obtains that the
zero term of the inner expansion of the thermal part of the problem, @, is determined by equation (12) [after J(D)is
replaced by J(4)], while the function ug is the solution of the following equation and boundary conditions

div(o(®g)grad ug) =0; r=r, ug=1; r->o, u;—0. (88)
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Itis not difficult to show that the solution of these problems can be presented in terms of the auxiliary function ¢,
equations (86) and (87), as

By = J(A)cy, ug = y(@g)y~ I(J(;L))a (89

o [ 42 _ [T HDdT _ i
Y@ =1 =)y e - (E’ °>'

Here, the explicit form of the function y was determined by substituting the expression for 4, into equation (88)and
then making a comparison with the equation for @, equation (12). So that it be more readily evident, a
corresponding expression for u is also given in equation (89) through the zero term of the inner expansion of
temperature Ty. This term is prescribed by reversing the expression @, = ®(4, Tp).

The mean Sherwood and Nusselt numbers, determined by the zero terms of the inner expansions (88) and (89),
have the form

Nu(4,0) = J(A)Sh(1,0), Sh(s,0) = J(i)J‘(%)Sh(l,O). (90)

The second equation has been derived with account for the equality
W) = J(i/o).

Equations for the first terms of the outer expansion (85) can be obtained on the basis of the following limiting
properties of the functions that determine the problem (81) and (82)

p-1, Aol 6-1, T->® h->0, v-oi atr- co. 91)

The equations for @V and u'?, accurate to the replacement z — zp, ®V —» @M and z — z,, 1 - 4V, coincide
with equation (17). Therefore, the solutions of these equations, satisfying the condition of matching with the zero
terms of the inner expansion (88) and (89), can be presented in the form

OV = Nu(2,0)zr ! exp [Fzln—1)], u'V = Sh(s,0)z7 " exp [z~ 1].

The second terms of the expansion of these expressions into the series in small quantities z; and z_, by virtue of
equation (85) and the matching condition, determine the following boundary conditions at infinity for the first
terms of the inner asymptotic expansion (84)

r—o, ® —-iNu(l,0(n—1), u;—3iSh(s,0)(n—1). 92)

Itis not difficult to show that the equations and boundary conditions, which correctly describe the first two terms
of the inner expansion (84), are

Per div(pvh)y = AD, © = Dy+Pe O,

93)
r=r, ®=Jl); r—ow, ®->iPe; Nu(l,0)(n—1),

Pe_ div(pvu), = div(c(D) grad u), u = uy+ Pe_uy, (o)
4
r=r, u=1; r—o, u-%iPe Shis,0)(n—1).

The boundary-value problems are written down accurate to o(Re ), which can be verified by directly comparing
the equations and boundary conditions (81),(82) and (93), (94) taking account of equations (84), (85),(12),(88) and
(92); the subscript ‘0’ on the LHS of equations (93) and (94) corresponds to the quantities containing the zero terms
of the inner expansion, ®, and u,,.

The solution of the inhomogeneous equations (93) and (94) is sought directly for the quantities ® and u.

The solution of the thermal part of the problem (93) is sought in the form of the sum

® = 0+50, (95)

where the terms satisfy the following equations and boundary conditions
AD=0; r=r, ®=J); r—w, O —L1PerNu(4,0), (96)
AS® = Pey div(pvh)y; r=r, 60 =0; r— oo, 60 -4iPer Nu(i,0). o7

The distribution of the relative concentration is sought in the form
= Ui+ du, (98)
where the terms are the solutions of the following boundary-value problems

div(6(@)grad i) =0; r=r, a=1; r—ow, u— —3Pe Sh(c,0), 99)
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div(a(®) grad Su) = —div {[a(®)—o(D)] - grad i} + Pe, div (pvu)y; (100)
w ou=0; r— oo, du-—3iPe Sh(c,0)n.

Equations (96), (97), (99) and (100) yield that 6® = O(Re,,), Su = O(Re,,).

r=r

3.3. The solution of the equations for the first terms: mean Sherwood and Nusselt numbers
A direct check can easily show that the solution of problem (96) can be represented in terms of the function ¢,
equations (86) and (87), as

@ = [J(A)+1Pe; Nu(,0)]co —1Per Nu(4,0). (101)
The solution of problem (99) is sought in the form
) - - ® do
u=Ay(@)+B, y@=| —. (102)
o (D)

Due to the harmonicity of the function ®, equation (96), equation (102) is the solution of equation (99) at any
values of A and B. The explicit form of the constants A and B is determined by solving the linear algebraic system

1= AyJ(A)+B; —1Pe Sh(s,0) = Ay(—+Pe; Nu(2,0)+ B, (103)

which follows from the boundary conditions on the particle surface and at infinity for the functions ® and i
[equations (96) and (99)]. Restricting ourselves in the second of equations (103) to the principal term of expansion
of the function y at Pe; — 0[the remaining terms need not be taken into account, since the initial system, equations
(93) and (94) has only the accuracy o(Re,)] and solving this system taking into account equation (90), one obtains
the following expressions for the coefficients

A=J"1 <§> [l + % (Pe,— Pep)J(A)J ™! (%) Sh(l, O):l +o(Re,,),
(104)
B=— %(Pec —Peg)J(H)J ! (g) Sh(1,0)+o(Re).

In a nonperturbed flow far from the particle at r — co the structure of the asymptotic expansion of the functions
o® and éu should be the same for a particle of any shape. It will be shown in Section 3.4 that for a sphere the
approximation for the asymptote to the solution of equations (97) and (100) at r — oo does not involve the ‘source’
terms proportional to r ! and, consequently, this very property is typical of the corresponding solutions for
particles of any shape.

Now, integrate equations (97) and (100) over the control gas volume V' with the subsequent integration over the
surfaces § and Z,. The integrals over the particle surface S corresponding to the RHS of equations (97) and (100)
vanish due to the nonpenetrability condition [equation (4)] and boundary conditions at » = r, for the functions ®
and ® [equations (93) and (96)]. The integrals over the sphere surface £,, corresponding to the RHS of equations
(97) and (100), also vanish as r — oo due to equations (89) and (91). The integrals over Z,_ , of the LHS of the
equations vanish owing to the absence of ‘source’ terms in the expansions of é® and du at r — co. This, in turn,
means that the remaining integrals over the particle surface S also vanish, i.e. the second terms, 6® and du
[equations (95) and (98)], do not contribute to the mean Nusselt and Sherwood numbers, so that Nu = 6Sh = 0.

Taking into account what was said above and using equations (101), (102) and (104) for the mean Nusselt and
Sherwood numbers, one obtains, accurate to o(Re,,)

Nu(A, Per) = J()Sh(1,0)[1 ++Pey Sh(1,0)],
Sh(c, Pe) = Sh(c,0)[ 1 +1Pey Sh(1,0)+4(Pe, — Pez)Sh(a, 0)]

~J1 G) Nu(2, Pex)[1+}(Pe,— Per)Sh(s, 0)],

Sh(e,0) = J(A)J ~(4/0)Sh(1,0). (105)

Similarly one can find the corresponding expressions for the shear flow [equation (57)]. In a general case of an
arbitrary flow past a particle, the equations for the mean Nusselt and Sherwood numbers can be written, accurate
to o(Re,), in the form

Nu(,Re ) = J(A)Sh(1,0)[1 +a Re, Pr, Sh(1,0)],
106
Sh(s, Re,,) = Sh(c,0){1+a Re} [Pr}, Sh(1,0)+(Sc’, — Pr: )Sh(s,0)]}, (109)

where the values « = 1/2,v = 1 correspond to the homogeneous translational flow, and a = «(G,;), v = 1/2,to the
arbitrary linear shear flow [equation (58)].
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It is seen from equations (106) that at the Lewis—Semyonov number Le . = Pr,/Sc, = 1 there is an analogy
between the processes of mass and heat exchange of the particle with the flow.

Remark.In contrast to the case of an incompressible liquid (see Section 2.2) one cannot introduce into equations
(105) the terms proportional to Pe® In Pe, since in the case of a viscous heat conducting compressible gas the
corresponding asymptotic expansion of the velocity field far from the particle is already unknown (except for the
main term i, of course) ; for an incompressible liquid, such an expression is described by equation (9). Therefore, to
obtain the next terms of the asymptotic expansion in small Reynolds number it is necessary already to investigate a
full problem using, besides equations (74)~(79), also the equation of gas motion.

3.4. The interpretation of terms: some remarks

In a nonperturbed flow far from the particle (at r —» o0), equations (97) and (100) ‘loose memory’ of the shape of
the particle, which, in this region, can be interpreted as a point source. Therefore, to specify the structure of the
asymptotic expansion for 6® and du at r — oo, consider first a very simple special case of a droplet or a particle of
spherical shape (r, = 1), which will allow interpretation of the quantities ®, i and &, du.

Introduce the surface average operation [9, 16, 17]

1 1 2n
{w)y = J wdZ, = —J J wir,n, ¢)d¢ dnp  (n = cos 0). (107)
. dn J_y Jo

4nr?

Note, that for any function w, depending only on the radial coordinate r, the equality {w(r)> = w(r)is valid and
the mean-value operator [equation (107)] is permutable with the operator of differentiation over r. Note also, that
in this case the solution is independent of the coordinate ¢(3/0¢ = 0), while the zero terms of the inner expansions
(89) depend, by virtue of the symmetry of the problems (12) and (88), only on r

@y = J(Ar L =Dr), uy = uglr).

Since equation (84) is valid for @ and u, then for any analytical function f, one obtains, accurate to o(Re,), the
following equation

S@,u)) = f({D), <)),

which is proved by direct verification.

Using the properties mentioned above and performing, similarly to refs. [ 16, 17], integration of equations and
boundary conditions (93) and (94) over ¢ and »n within the same limits as in equation (107), one obtains for the
surface averages

Ld d o
2dr’ dr R
(108)
r=1, (0y=JA); r—ow, {(D)—> —iPer Nu(4,0),
td d
_ = Oy — —0-
2" o( >)dr {uy =0;
(109)

r=1, <up=1; r—oo, {up-— —1iPe Sh(s,0).

Equations (108) and (109) have been derived with the equalities {n> = 0, {pv,»>, = 0 taken into account, the
latter being the corollary of the continuity equation (78) and of the condition of nonpenetrability through the
particle surface, equation (4).

The mean Nusselt, equation (51), and Sherwood, equation (8), numbers are determined, accurate to o(Re,,), by

Nu = —[d<¢>] , Sh= —[a(<d>>)d<u>} . (110)

dr dr
The comparison between the equations and boundary conditions (96),(99) and (108),(109) shows that in the case
of a spherical particle one obtains the following equalities

D =(D), D=D-(D); u=< u)y; du=u—<ud, (111)

which means that ® and 77 are the surface mean quantities, while 50 and du are the deviations of the initial quantities
@ and u from their mean values. This, together with equation (110), shows that the second terms é® and
du [equations (95) and (98)] do not contribute to the integral inflows of heat and mass to the particle surface, i.e.
SNu = 3Sh = 0. Having taken this into account and integrated equations (97) and (100) over the gas control
volume V and then over the surfaces S and Z,, one obtains that the expansions of the functions 6@ and du at

r — o do not contain the ‘source’ term which would be proportional to r ™.
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The quantities @ and du in the general case of arbitrarily shaped particles can be interpreted analogously. To
this end, consider a set of surfaces ¢, = const., where ¢, is the solution of problem (86) (in the case of a spherical
particle this set, due to the equality ¢, = r ™, consists of the surfaces of concentric spheres of constant radius,
r = const.). It follows from equations (101) and (102) that the quantities @ and @ will also be constant on these
surfaces. The particle surface corresponds to ¢, = 1, while at a distance from the particle, at r — oo, the surfaces
¢o = const. tend asymptotically to a spherical form due to equation (87). Far from the particle, equations (97)
and (100) ‘loose memory’ of its shape (i.e. the structure of the solution at r — oo will be the same as for a spherical
particle), therefore the asymptotic expansion of the functions d® and Ju at r — oc, just as in the case of a sphere,
should not contain the ‘source’ terms proportional tor ~ !, Tt follows (see Section 3.3) that the quantities 5® and du
do not contribute to the mean Sherwood and Nusselt numbers, 6Nu = §Sh = 0. This means that the functions 6@
and Su can be interpreted as fluctuations of the quantities ® and u away from their average values, ® and i, on the
surfaces ¢, = const.

Remark 1. The first of equations (105) can be obtained directly from equation (93), just as it was done earlier in
Section 2.2. For this, multiply both sides of equation (93) by @, and integrate over the control gas volume V with
account for the first identity (23) and equality

Dy(c,pv grad T), = @, div(pvn), = div (pvE)—E div(pv),

R R To(®o)
E = E(®) = J (84, £) dg,
o
the last term of which vanishes due to the continuity equation (78); here, the function Ty(®,) is obtained by
inversing the expression @, = ®(4, T,), equation (80). Then, going-over, by the Ostrogradsky—-Gauss formula, to
the surface integrals, one arrives at the expressions obtainable from equation (24) after the replacement of Pe by Pe;
and E by £. Now, using equations (4), (87) and (89)~(91) and calculating these surface integrals by the procedure
described in Section 2.2, one arrives at the first of equations (105).
Remark 2. One can consider a more general problem than equations (74)}77), when the transport coefficients
depend simultaneously on temperature and concentration

A= AMNT,u), o=a(T,u). (112)
It can be shown in this case that the mean Nusselt and Sherwood numbers are assigned, accurate to o(Re,, ), by

the expressions

1
Nu = J; Sh(1,0), Sh=J 'Nu, J,.= f MT,u(T,J))dT. (113)

e

Here, the function u = u(T, J,) is the solution of the following first-order ordinary differential equation depending
on the parameter J,

du  AUT,u)

‘dT  o(T,u)

u(l, ) = 1, (114)

while the parameter J, can be found from the normalization-type condition

1 > 1 g
u(—er,J) = —¢e.; &r =3Re, Pr, Nuy, & =3Re, Sc, Shy, (115)

where the quantities 1\,’?40 and 5710 are determined from equations (113)(115) at Re,, = 0.

3.5. Some examples: the case of the power law dependence of gas viscosity on temperature
Consider now some of the specific examples. As usual one assumes that the conditions (79) have been fulfilled.
Then, by virtue of equations (30), (79) and (106), the mean Nusselt and Sherwood numbers are prescribed by

Nu(u, Re,) = J(1)Sh(1,0)+a Re?, Pr* J(u)Sh*(1,0)+ o(Re ),
Sh(p, Re,) = J(u)Sh(1,0)+« Rel, J(u)Sh*(1,0){Sc” J(u) + Pr'[1 - J (W]} + o(Re,,). (1o
In the specific case of the power dependence of gas viscosity on temperature
p=[1+(T,-\)TY, T,=TJT, (u,= const.Tm),
one obtains for the integral J(u)
1 1—-18+!
“n+l 1-T,

For a spherical particle, Sh(1,0) = 1, in the case of a uniform translational flow, « = 1/2, v = 1, equations (116)
and (117), have been obtained in ref. [ 18] accurate to normalization and new notation. One can also find there a

J () (117)
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very interesting and practically important application of these results for the determination of the ion saturation
current on an electric probe placed into a moving plasma (one of the methods of plasma diagnosis).

When the temperature depends on the gas viscosity, the Sutherland formula (C is the Sutherland constant
depending on the kind of gas)

T.,—1 -t
p=[1+(T,— l)T]”(l + ﬁlc—f'—l T> (4, = const. TYXT,+C)™Y)
yields the following expression for the integral J(u) which defines equations (116)
C+T, 1 T\1/2 T \1/2?
=232 © V(T2 T3y (TY2 T2 32 = - = .
J(u) - (’I;——Tw){3(Ts T4 —C(T, 2)+C [arctan(c) arctan<c> il} (118)

Investigate now the effect of the gas viscosity on convective heat and mass transfer between a particle and a flow.
The heat conduction and diffusion coefficients are assumed to be constant and independent of temperature

A=D=1 o=p. (119)

It should be also taken into account that for small gas velocities the pressure in the flow differs slightly from the
nonperturbed pressure at infinity (this difference has the squared Mach number order). This allows one in the state
equation p, = p,RT, to replace the quantity p, by p, = pRT, and, after changing to the dimensionless
variables, to obtain for the density the following expression

p=p(T)=[1HT,-DTY', T,=T/T,. (120)

In this case equations (105) retain their validity for the mean Nusselt and Sherwood numbers, where

A 1
JAy =1, J<—>=—(1+Tw). (121)
o 2
Now, relate the resulting mean Sherwood number to an auxiliary Sherwood number, which corresponds to the
case of an incompressible liquid

Sh(a, Olo=py _ 2
Sh(o,0),-; 1+T,

This equation shows that the gas compressibility leads to a lesser intensity of mass transfer to a ‘hot’ particle at
T, > 1,ascompared to asimilar process in anincompressible liquid, and increases the mass transfer in the case of a
‘cold’ particle at T,, < 1.

4. MASS AND HEAT TRANSFER BETWEEN A PARTICLE AND A FLOW IN THE PRESENCE OF VOLUMETRIC OR
SURFACE CHEMICAL REACTIONS

4.1. Stationary mass transfer of a particle in the presence of volumetric chemical reaction in the flow

Consider the stationary problem of mass transfer of an arbitrarily shaped droplet in the case when the extractant,
which is dissolved in the droplet, diffuses into the continuous phase and reacts there with the chemisorbent. If it is
assumed that far from the particle the chemisorbent concentration is constant throughout the volume and that the
flux of chemisorbent through the droplet surface is absent during the whole process, then for the stationary case this
problem is described in dimensionless variables by the following equations and boundary conditions [22]

(vegrad ¢,) = Pe”! Ac,—R(c,, cp), (122)
(v-grad ¢,) = s Pe” ! Ac,~IR(c., c}), (123)
r=rf0,¢), c.=1, 0dcy/0n=0, (124)
r—-ow, c,—0, ¢ —1, (125)

ce = -cc—* cn= sh"—: s = %:_: —o(), I= c‘;m = o),

R(ce, cp) = aUcL 'R (Cons Cug)»  R(0,¢1) = R(c,,0) = 0; Pe =aUD_..
The volumetric reaction rate is assumed to have the following properties

R(c.,cy) = Pe H(c.,c,), max H=0(1), 0<c, ¢, <1, (126)

w= ZTH(O, 1)=0(1), H(©,1)=0. (127)
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Condition (126) means that the reaction is weak, R = O(Pe), while condition (127) shows that far from the
particle the reaction follows the first order of the extractant. In particular, condition (127) is satisfied by the n+ 1-
order reaction which follows the first order for the extractant and the nth order for the chemisorbent

H(c,, cp) = we ™2, w=k,D., U™, = O(1). (128)

Here n = 0 corresponds to the first-order chemical reaction [in this case the first equation (122) is solved
independently of the second equation (123)], while n = 1 corresponds to the second-order reaction, k, is the
volumetric reaction rate constant.

Investigate the problem (122){127) by the method of matched asymptotic expansions in small Péclet number.
For the velocity field of the incompressible liquid one uses equations (3), (4) and (9) corresponding to the
translational Stokes flow past a particle. The main parameter soughtin this problem is the mean Sherwood number
for the first reacting component (extractant). This number is determined from equation (8) at D = 1 and ¢ = ¢,.

For ¢, the terms of the inner expansion in the region Q, can be presented in the form of equation (10) at ¢, = @,
¢; = D, (i = 0,1,2) and these satisfy the equations and boundary conditions (12)(14). The first term of the outer
expansion (as earlier, the zero term is equal to zero) is described, by virtue of equations (126) and (127), by

(i-grad, ¢ = A,cV—well; z5 00, V=0, (129)

the solution of which, satisfying the condition of matching with the zero term of the inner expansion (15), is of the
form [see equations (32) and (40)]

e = 9 exp {% In—(1 +4w)1/2]}, q = Sh(1,0). (130)
z

It can be shown that at z — 0 the next term of the outer expansion generates the same logarithmic singularity
which appeared in the problems of Section 2 and altered the power-law character of the inner expansion. Taking
this into account and using equation (130), one obtains that the concentration ¢, on the general boundary between
the outer, Q. and the inner, Q,, regions can be presented in the form of equation (21), where

c. =®, P(Pe) = —iq[Pe(1+4w)'/?+ Pe? In Pe(F -i)]. (131)

Omitting the intermediate calculations, which are similar to those of Section 2.2, one finally obtains for the mean
Sherwood number

Sh = Sh(1,0)+4Pe(1 +4w)"/2Sh*(1,0) +1Pe* In Pe(F *i)Sh(1,0)+ O(Pe?). (132)

It is seen that when there is no reaction, R = 0 (w = 0), equation (132) passes into equation (29).

4.2. Nonstationary mass transfer of a particle in the presence of a volumetric reaction
Consider now a nonstationary analogue of the problem (122)127). The corresponding equations and initial
conditions for the case of a sudden occurrence of chemical reaction are of the form

Ce

Py +(v-grad ¢,) = Pe"'Ac,—R(c,,cp); t=0, ¢, =0, (133)
dcy, 1
o +(v-grad ¢;) = sPe ' Ac,—IR(c,cy); t=0, ¢, =1 (134)

The equations and boundary conditions (133), (134) should be supplemented by the boundary conditions (123),
(124); it is also assumed that the rate of the volumetric chemical reaction satisfies equations (126) and (127).

The asymptotic behaviour of problem (133), (134), (124)(127) is investigated at large times. The condition (41)is
assumed to be fulfilled. Then all the terms of the inner expansion are described by the stationary equations (12)-(14)
atc,; = @, the solution of which depends parametrically on temperature due to the boundary condition at infinity
(the condition of matching with the outer expansion). After passing to the transform by using the Laplace—Carlson
transformation, the first term of the outer expansion will satisfy equation (129) with the additional term p Pe ™ ! ¢{V
on the LHS [see equation (39)]. The solution of this equation, which at t - oo (p — 0) becomes stationary, is
determined by equation (130), with w replaced by w+p Pe 1.

By using the same sort of reasoning as with the stationary case, one arrives at the concentration distribution on
the general boundary between the inner and outer regions. This distributionis prescribed by equation (21),in which
the parameter S(Pe) has been determined from equation (131) with w replaced by w+ p Pe 1. Inversion to the
original function and appropriate calculations yield the following equation for the mean Sherwood number

Sht) = Sh(1,0)+LPe(1 +4w)2g(er)Sh*(1,0) + 1Pe? In Pe(F+i)Sh*(1,0)+ O(Pe?), e = (w+HPe. (135)

At t - o0, equation (135) passes into equation (132), while at w — 0, it passes into equation (44).
Note, that the derivation of equations (132) and (135) has not required the knowledge of the chemisorbent
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concentration distribution in the flow; it was sufficient to know the asymptotic behaviour of the quantity ¢, at
infinity (r — o0, ¢, = 1).

4.3. Nonstationary mass transfer of a particle in the presence of the surface first-order chemical reaction

Investiate the development of the stationary mass transfer of an arbitrarily shaped droplet or solid particlein the
presence of the first-order chemical reaction on its surface. In dimensionless variables, the associated boundary-
value problem has the form

de

at+(v-gradc)tPe“Ac; t=0, ¢=0, (136)
5,
r=r, 5§=k(c—1); row, c—0, (137)
C=E°°_C*’ k=flj§
Co D,

Here k, is the rate constant of the surface chemical reaction. No restrictions are placed on the dimensionless
chemical reaction rate constant k.

For the liquid velocity field equations (3), (4) and (9) are used. The approximation for the asymptote to the
solution of the problem, equations (136) and (137), is investigated at large times, equation (41).

All the terms of the inner expansion (10) at ¢ = @, ¢; = @©;(t,r, 0, ¢) (i = 0, 1, 2} satisfy the stationary equations
(12)—(14) subject to the following boundary conditions on the particle surface

a o )
r=r, Fcnﬁ —kico—1), T2 —ke,, T e, (138)

Therefore, by virtue of the conditions of matching with the outer expansion, all the terms of the inner expansion
depend on the time only parametrically ; moreover, due to the equality ¢'® = 0, the zero term of the inner
expansion, ¢, is independent of time and is prescribed by equation (15) [12].

The outer terms of expansion (11) are described by the same nonstationary equations as in the case of a purely
diffusive reaction regime at r = r,, ¢, = 1 [which corresponds to the limiting transition k — oo in the boundary
condition (137)]. In particular, the first term of the outer expansion is determined, at ¢!’ = @'"), by equation (38),
the solution transform of which is prescribed by equation (40). Reasoning as before, one arrives at equation (42) at
¢ = @ for the concentration on the general boundary between the outer and inner regions.

Then, multiplying the equations for the inner terms of the expansion (12)-(14), respectively by c¢,, Pe c,,
Pe? In Pe c,, one comes to equality (22), where ¢ = @, ¢, = O, = ¢(®,). Taking into account the identities (23) (in
this case E = c2/2)and integrating equation (22) over the control liquid volume V, one obtains expression (24). The
last four integrals I;(j = 3,4, 5, 6)in equation (24) are calculated, as earlier, with equalities (4), (15), and (42) taken
into account. The sum of the first two integrals is transformed by substituting, in place of the first factors, their
values on the particle surface by the formulae

dc 1 dc 2
r=r, C=1+25r_1’ CO=1+EW5n (¢ = co+Pe c,+ Pe’ In Pe c,),
which result from the boundary conditions (137) and (138). This yields
dc 0cq oc 8cg .
= _ “Zds 09485 =—- | = dS = 4n(Sh— Shy).
I,+1, Jscoand +Lcan ds sandS‘l—L n 7 o)

Having performed some calculations, one finally obtains
Sh = Shy+1Shi[Pe g(z)+ Pe* In Pe(F-i)] + O(Pe?). (139)

Here, Shy, = q is the mean Sherwood number corresponding to the mass transfer of a particle with a stationary
medium (Pe = 0) in the presence of the first-order chemical reaction (137) on its surface. In particular, for a
spherical droplet or a solid particle

k
=, 140
Sho k+1 (140)

Note that equation (139) extends the results of ref. [11] to the nonstationary case.
Remark. It can be shown that equation (139) subject to condition (41) is valid also for a more complex boundary-
value problem which is described by the equation and initial condition (136) with the nonstationary boundary
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condition on the (solid) particle surface

r=r, 55?=%—k(c—1); r—-o, ¢-0,
(141)

[r1

= UTD]', k=ak, D' (E=0()).

This equation is written down presuming the adsorptional equilibrium and was obtained from the following

dimensional equations on the particle surface

de, dc

Ea = D‘aT: — k*scs, Cs = FC* (r = rs).
In the stationary case (136)(d/0t = 0) of an arbitrarily shaped particle (droplet) in a shear flow, equation (57), the

following formula is valid for the first-order chemical reaction on its surface, equation (137)

Sh = Sho(1—a Pe® Shy) ' +O0(Pe), v=(n+1)"",

which is similar to the expression for the mean Sherwood number, equation (67). It can be shown that for the linear
shear flow, equation (58) (n = 1) the accuracy of this formula is still higher and has the order of O(Pe>/?).

4.4, Nonstationary nonisothermal chemical reaction on the surface of a spherical particle

Consider the nonstationary multi-component diffusion to a reacting spherical droplet or a solid particle in a
translational Stokes flow in the presence of a nonisothermal chemical reaction on the particle surface, the rate of
which depends arbitrarily on temperature and concentration. It is assumed that the reaction is quasi-stationary,
the particle is non-conducting, the concentration of the reacting species are rather weak so that the surface reaction
does not influence the parameters of the flow and of the particle.

The dimensionless equations of convective diffusion and heat conduction, the initial and boundary conditions
that express the uniformity of temperature and concentrations far from the particle, the ‘reaction law’ and the heat
balance on its surface are of the form [24]

0C,p

" +(vrgrad ¢,) = Pe,, ! Ac,, (l<r<ow)ym=1,...,M, (142)
oT .
o +(vegrad T) = Pey ' AT, (1 <r < o), (143)
t=0, cy=0, T=0, (144)
r—-o, ¢,—0 T-0, (145)
I3
r=1, M £ (Tycy, o), (146)
or
oT M
r=1, ——= P Sl T Cpy s Cra)s (147)
ar m=1
1 13842 1 B 1\ . 1 ey
P 2_;_4_7___* 20, . d — st’ 1
Vs 2<r 2 B+1 T 2p+1 r)sm (v-grad o) = 5306 30.0) (148)
Cog = Cpo(l —Cp)y T, =T, (1—=T), Pe, = aUD,;:,
Peg = Per = aUcpup Ay’ hy = Cpoo HuDp (A T) 7L,
SulTocpse ) = (e D) ™ s Tos Crar -« - Catg)-

Here it is assumed for simplicity that T,, ¢,,, # 0 (m = 1,..., M).
Investigate the boundary-value problem (142)—(148) by the method of matched asymptotic expansions in small
Péclet number

Pe -0, Pe,=Pe®, ©O,=0(1); m=01,. M (149)

on the assumption that condition (41) is fulfilled.
In the inner region, Q, = {1 <r < O(Pe™ ')}, the distribution of temperature and concentrations is sought,
accurate to O(Pe?), in the form [16, 17]

T =Ty+Pey T,+Pein Pey Ty, cC, = Cpo+Pe, Cpy+PeZ In Pe,, cps, (150)
5
1

To=qor ', Cwo=4qw ' (40,9 =const.;m=1,..., M)
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The substitution of this equation into equations (142) and (143) with the subsequent separation of the terms with
the same ‘powers’ of the small parameter Pe and with regard for equation (41) leads to the following stationary
equations

ATy =0, AT, =qor *0y/on, AT, =0 (n=cos0), (151)
AcmO = 09 Acml = qmr‘4aWS(/an» ACmZ =0. (152)

The first terms of the outer expansion (T'? = !9 = 0), after the substitution of the auxiliary variables
z,, = Pe,r, will be described by the linear nonstationary equations (38) with the corresponding replace-
ment Pe — Pe,, z — z,,. The Laplace transform of the solution of these equations is as given by equation (40).
Taking into account that the second terms of the outer expansion have a logarithmic singularity at z,, — 0 and
reasoning as before, one obtains, accurate to O(Pe?), the following equations for the distribution of temp-
erature and concentrations on the general boundary between the inner, Q,, and outer, Q_, regions

T = ¥o(Pe)r~ ! —1Pe, qo{g(‘co)(l —n)+ Pey In Pe0<§f}:§>}, (153)
Cn =¥, (Peyr ' —1Pe, qm{g(tm) (1—n)+Pe,, In Pe,,(%ﬁ—i%)}, (154)

Y (Pe) = ¥, (Peg, Pey,...,Pey:t) = g+ AP (1) Pe;+ B Pe? In Pe,,

. (155)
T,=1Pe,t (m=0,1,...,M; BY = const.).
Here, the summation is taken over the subscripti(i = 0,1,..., M); the functions ¥,, ¥, and the parameters gy, g,
should be determined in the course of the problem solution.
Now, using equation (109), one introduces the surface mean-value operation, which in the given axisymmetric
case is determined as

1 1
{w) = 3 j w(r,n)dn (y = cos 8). (156)
-1

With equation (156) taken into account, the mean Sherwood and Nusselt numbers, equation (8), can be written

down in the form
sh O0Cpy N ar
=—-(-= S U= —{——
" or /l,-1 or

Multiply equations (151) successively by 1, Pe,, PeZ In Pe, [or by 1, Pe,, Pe? In Pe,, for equation (152)] and
make the addition; integrating further over ne[—1, 1] gives
1 d 1 d

d d
R T Y R R ) i
2dr dr Cn =0, 2ar dr< ’ (158)

(157)

r=1

The boundary conditions at r — oo (the conditions of matching) for equations (158) are obtained by averaging
equations (153)~(155) with regard for the equality (> = 0. Subject to these conditions, the solution of equations
(158) is found in the form

{T) = Wy(Pe) {r* ' _1Pey g(15)—1Pe3 In Pe, (i—/‘;:—i)} +0(Pe?),
(159)

(e = ‘I’,,,(Pe){r’l —1Pe,, g(t,)—1Pe In Pe",(——gg:i)} + O(Pe?).

When the above expressions were derived it was taken into account that the parameters g,,(m = 0, 1,..., M)can
be replaced, without the loss of accuracy, by the functions ¥, (Pe), equation (155), for the concentrations and
temperatures on the general boundary between the inner and outer regions, equations (153) and (154).

Since ¢,,o and T, depend only on the radial coordinate r, equation (150), then, by virtue of equation (150), the
following formula is valid, accurate to O(Pe?), for any analytical function f

STey,osem)d =JKT ), {es ., {ead), (160)

which is proved by direct verification with regard for the properties of the mean-value operation, equation (156).
The comparison of equations(157) and (158) yields the equalities Nu = W(Pe), Sh,, = W,.(Pe). Takingtheseinto
account and averaging the boundary conditions, equations (146) and (147), and then using equations (159), the
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following system of algebraic (transcendental) equations is obtained

Nu Sh, Shy,
Nu,’ Shy,’ """ Shyy

Sh,,,=f,,,( >; m=1,....M,

M (161)
Nu= Y h,Sh,,
m=1
for the determination of the mean Sherwood and Nusselt numbers. Here, the last equation is obtained by
the substitution of the expressions for f,, from equation (146) into equation (147), while the quantities
Sh,... = Sh(l, Pe,,), Nu,, = Sh(1, Pey) correspond to the purely diffusional (thermal) reaction regime on the sphere
surface (r = 1, ¢, = 1, T = 1) and are of the form

3p+2
Sh,., = 1 +1Pe, g(1,)+1Pe In Pe,, 3p+2 +0(Pe?),
36+3
(162)
1 1 2 3ﬁ+2 2
Nu, = 1+3Peqy g(to)+5Pef In Pe, m +0(Pe?).

Equations (161) and (162) are the extensions of the results of refs. [16, 17] to the nonstationary case.

It can be shown that equations (161) and (162), subject to condition (41), are also valid for a more complex
boundary-value problem, equations (142)—(145), with nonstationary analogues of the boundary conditions on the
particle surface, equations (146) and (141) (to the LHS of which the terms Z,,0c,,/0t, E,0T/dt are added ; see also
‘Remark’ at the end of Section 4.3).

Remark. In the stationary case of a spherical particle in an arbitrary shear flow, equation (57), the algebraic
equations (161) held their validity for the mean Sherwood and Nusselt numbers. The parameters Sh,,,, and Nu_, in
these equations are determined by equation (67) (Sh(1,0) = 1, Pe - Pe,,, n —» n+ 1) and have the form

n+1 n+1
Sty = Y. o Peli+O(Pe' ™), Nu, = Y o Peo+O(Pe' ™). (163)
i=0 i=0

The comparison of equations (161),(162) and (161),(163) shows that at small Péclet numbers, equations (149), the
system (161) provides, in all of the cases, the correct asymptotic result accurate to o(Pe).
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UNE ANALYSE ASYMPTOTIQUE DE QUELQUES PROBLEMES, A VALEUR LIMITE NON
LINEAIRE, DE CONVECTION MASSIQUE ET THERMIQUE ENTRE DES PARTICULES
REACTIVES ET L'ECOULEMENT

Résumé— La premiére partie de ce texte considere le transfert de chaleur et de masse d’une particule solide de
forme quelconque dans des écoulements, de translation et de cisaillement, d’un fluide incompressible dans le
cas ou le coefficient de conduction thermique (diffusion) est une fonction arbitraire de la température
(concentration). Pour 'écoulement de translation, les trois premiers termes du développement asymptotique
du nombre de Nusselt moyen sont obtenus en fonction du petit nombre de Péclet, et deux termes pour
I'écoulement de cisaillement. Les particules étudiées ont la forme d’une sphére, d’un disque, d’un ellipsoide ou
d’haltéres. La seconde partie du texte considére un échange simultané de chaleur et de masse d’une particule de
forme arbitraire avec I'écoulement de translation d’un gaz comprimeé dont les paramétres (les coefficients de
conduction thermique et de diffusion et les chaleurs massiques du gaz) dépendent arbitrairement de la
température. Pour les nombres de Nusselt et de Sherwood moyens, on détermine les deux premiers termes du
développement asymptotique en fonction du nombre de Reynolds qui est faible. La troisiéme partie considére
le probléme de transfert massique d’une goutte dans le cas ou un extractant dissout diffuse dans une phase
continue et entre en réaction du second ordre avec un chimisorbant. Un développement asymptotique a trois
termes pour le nombre de Sherwood moyen est obtenu en fonction du nombre de Péclet. On étudie la diffusion
variable a une particule réactante dans un écoulement laminaire de translation, dans le cas ou une réaction
chimique non isotherme se produit sur la surface, la vitesse dépendant arbitrairement de la température et des
concentrations.

ASYMPTOTISCHE UNTERSUCHUNG EINIGER NICHTLINEARER RANDWERT-
PROBLEME BEIM KONVEKTIVEN STOFF- UND WARMEUBERGANG ZWISCHEN
REAGIERENDEN PARTIKELN UND EINER STROMUNG

Zusammenfassung — Der erste Teil dieser Arbeit, Abschnitt 2, befalt sich mit dem Stoff- und Wirmetransport
an einem Tropfchen oder festen Partikel von beliebiger Form, das sich in der Translations- und
Scherstromung eines inkompressiblen Fluids befindet, wobei der Warmeleit-(Diffusions-)K oeffizient eine
beliebige Funktion der Temperatur (K onzentration)ist. Beider Translationsstromung ergeben sich die ersten
drei Glieder einer asymptotischen Reihenentwicklung fiir die mittlere Nusselt-Zahl als Funktion niedriger
Peclet-Zahlen, bei der Scherstromung die ersten beiden Glieder. Die untersuchten Partikel hatten Kugel-,
Scheiben-, Ellipsoid- und Hantel-Form. Der zweite Teil dieser Arbeit, Abschnitt, 3, befaBt sich mit dem
gleichzeitigen Wiarme- und Stoffaustausch an einem Partikel von beliebiger Form, das sich in der
Translationsstromung eines komprimierten Gases befindet, dessen wesentliche Parameter (die Warmeleit-
und Diffusionskoeffizienten sowie die spezifische Warmekapazitit des Gases) auf beliebige Weise von der
Temperatur abhidngen. Fiir die mittlere Nusselt- und Sherwood-Zahl werden die ersten beiden Glieder der
entsprechenden asymptotischen Reihenentwicklung als Funktion niedrigerer Reynolds-Zahlen bestimmt.
Der dritte Teil dieser Arbeit, Abschnitt 4, befal3t sich mit dem Stofftransport an einem Tropfchen, der dann
auftritt, wenn ein darin gelostes Extraktionsmittel in eine kontinuierliche Phase hineindiffundiert und dort in
eine chemische Reaktion zweiter Ordnung mit einem chemischen Absorptionsmittel eintritt. Fiir die mittlere
Sherwood-Zahl ergibt sich eine asymptotische Reihenentwicklung mit drei Gliedern als Funktion der Peclet-
Zahl. Die instationdre Diffusion an einem reagierenden Partikel wurde in einer laminaren Trans-
lationsstromung fir den Fall einer nichtisothermen chemischen Reaktion an dessen Oberfliche untersucht.
Der Diffusionsmassenstrom héngt dabei wesentlich von Temperatur und Konzentration ab.
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ACHUMIITOTUYECKHUIA AHAJIM3 HEKOTOPbIX HEJTUHEHHBIX KPAEBBIX 3AJJAY
KOHBEKTHBHOI'O MACCOTEIIJIOOBMEHA PEATUPYIOIIMX YACTHUL C MTOTOKOM

AnnoTamms—B nepBoii yacTu paboThl B padlene 2 paccMaTpPHUBAETCA MAacco- M TEIUIOOOMEH KallH
WIM TBEpAOH 4acTHUB! J10OOH (QOPMBI B MOCTYNMATENBLHOM M CABHIOBOM IOTOKaX HEC)KHMAEMOM
KHIAKOCTH M rasa B cjydae, Korja Ko3DHIHEHT TeruionpoBOAHOCTH (OM(dy3HH) MPOU3BOJBHBIM
06pa3oM 3aBHCHT OT TemrnepaTypbl (KOHLEHTpalMH). B ciyuae mocTymarenpHOrO rnoToka MNMOJyHeHbl
TPH, a B CIy44€ CABHIOBOrO — [Ba NEPBBIX WiEHa aCMMIOTOTHYECKOTO PAa3JIOKEHHS CPEIHEr0 4MCIIA
Hyccenbra no manomy uncny [lexne. PaccMoTpennt ciydan cepuyeckod, AMCKOOOPa3HOH, IAHIICOH-
NabHOW M raHTeneBMAHOH GOpMbI wacTHH. Bo BTOpoit vacTh paboTbl B pasiene 3 ucciedoBaH
COBMECTHBIA Ters1oMaccooOMeH 4acTHIB H060i GOpMBI € MOCTYNAaTe/bHBIM TTOTOKOM CXHMAEMOTO
raza, OnpelessloUIHe NapaMeTpbl KOTOPOro (Ko3(pGhHUMEHTH TEMIONPOBOAHOCTH H aHddy3Hu, a
TaKXe Yy/[eJbHast TEIJIOEMKOCTb ra3a) MPOM3BOJbLHBIM 00pa3oM 3aBHCAT OT Temnepatypbl Jlns
cpeanux yncena Hyccennta u llepByna onpesenensl nepsbie ABa 4IeHa COOTBETCTBYIOWIETO ACHMNITOTH-
HECKOTO Pa3jIOKEeHHs 1[0 MaloMy udcny Peinosbiaca. B rtperweli wactu pabotwl B paszene 4
paccMaTpuBaeTCs 3a/a4ya 0 MaccoobMeHe Kamji B cilyvae, KOrjia pacTBOPEHHbIA B Kamje IKCTPAreHT,
audpdyHanpys B crulolHyro ¢a3y, BCTymaeT TaM B XHMHHYECKYHO PpEAKUMIO BTOPOTO MOpsAKa C
xemocopbenToM. [lna cpenrero uncaa llepByaa nony4eHo TPEXUWICHHOE ACHMITTOTHYECKOE PA3IOKEHHE
no wnciy Ilexne. Hccneayercs HectauumoHaphas H(dy3us k pearupyiouleit cdepe, obrekaemoi
NIAMHHAPHBIM TOCTYNATELHBIM MOTOKOM MPH NPOTEKAHHH HA €e IOBEPXHOCTH HEM30TEPMHUYECKOH
XUMMYECKOH DEAKLMH, CKOPOCTb KOTOPOH MPOH3BOJbHBIM 00pa3oM 3aBHCHT OT TEMIEPATYPbl H
KOHUEHTPALMA.
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